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a b s t r a c t

A stable node-based smoothed finite element method (SNS-FEM) is presented that cures the “overly-soft”
property of the original node-based smoothed finite element method for the analysis of underwater
acoustic scattering problems. In the SNS-FEM model, the node-based smoothed gradient field is en-
hanced by additional stabilization term related to the gradient variance items. It is demonstrated that
SNS-FEM provides an ideal stiffness of the continuous system and improves the performance of the NS-
FEM and FEM. In order to handle the acoustic scattering problems in unbounded domain, the well known
Dirichlet-to-Neumann (DtN) boundary condition is combined with the present SNS-FEM to give a SNS-
FEM-DtN model for exterior acoustic problems. Several numerical examples are investigated and the
results show that the SNS-FEM-DtN model can achieve more accurate solutions compared to the NS-FEM
and FEM.

& 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Acoustic scattering from objects is an interesting physical phe-
nomena and it is of great importance in various practical application
such as underwater acoustics, exploration engineering, non-de-
structive testing and particle manipulation. During the past few
decades, a great number of researches have been conducted re-
garding this problem. Initial works are mainly focused on the objects
with particular geometry where separation of variables is applicable.
For example, the exact solutions have been obtained for rigid or
elastic spherical solids and shells [1–4], infinite cylinders [1], and
spheroids [5,6]. Subsequently, there is a variety of new methods have
been developed to solve the acoustic scattering problems. These
methods include the perturbation method [7], the Green's function
method [8], the T-matrix method [9], the Fourier matching method
(FMM) based on conformal mapping [10], the boundary integral
equations [11] and the partial wave series expansions (PWSE)
method [12–15]. However, each of these methods has their own
associated advantages, disadvantages and conditions of applicability.

Currently, with the fast development of the computer simula-
tion techniques, the standard finite element method (FEM) and
ture and Ocean Engineering,
an 430074, China.
boundary element method (BEM) have been the two most popular
and powerful numerical methods in coping with the time-har-
monic acoustic scattering problems. The classical BEM can be
classified as a boundary discretization method and the main ad-
vantage of this method is that only boundary discretization is re-
quired. In addition, the BEM can naturally satisfy the required
Sommerfeld radiation condition at infinity, while some special
treatments are needed when the FEM is used. However, the re-
sulting system equations of BEM are usually non-symmetric and
dense, which is opposed to symmetric and banded in FEM. This
may increase the processing time and storage requirements. Be-
sides, the potential non-uniqueness of the BEM solution at char-
acteristic wave number values is also an important issue. In the
contrast to BEM, the FEM, which are based on variational for-
mulations, has a rich mathematical background and the con-
vergence of FEM to the exact solution is well-proved. There is no
theoretical limitation on the applicability of FEM to high wave
numbers as long as the sufficient refined mesh is used. Recently a
meshless boundary collocation method, the singular boundary
method (SBM), has been proposed for exterior acoustic problems
[16–18]. In SBM, the concept of source intensity factor is in-
troduced to regularize the singularities of fundamental solutions.
It successfully overcomes some shortcomings of the original BEM
and can be a good alternative for exterior acoustic problems.
However, the mathematical theoretical analysis of the SBM seems
to be not as complete as the FEM and the relevant work is still on
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its way. In the author's opinion, there is no ideal method has been
found yet and the quest for such a method will continue.

In fact, the standard FEM for handling the acoustic scattering
still remains two major challenges. The first challenge is how to
treat the exterior acoustic problems in unbounded domains ef-
fectively. As is known to all, FEM has been well developed for
acoustic problems in bounded domains. In general, the application
of FEM to unbounded domains involves a domain decomposition
by introducing an artificial boundary around the objects. At the
artificial boundary, the well-known Sommerfeld radiation condi-
tion should be satisfied so that there is no spurious wave reflected
from the far field. There are various approaches can be combined
with the FEM for the analysis of acoustic scattering in unbounded
exterior domains, such as the Dirichlet-to-Neumann (DtN) map
developed by Keller and Givoli [19], the recursion in the Atkinson-
Wilcox expansion devised by Bayliss et al. [20], and the recent
perfectly matched layer approach proposed by Bérenger et al. [21–
23]. Among them, the DtN boundary condition devised by Givoli
and Keller is an exact non-reflecting boundary condition. It relates
the “Dirichlet datum” to the “Neumann datum” with the help of an
integral operator M. Although this boundary condition is non-lo-
cal, it still possesses high computational efficiency and can obtain
much more accurate results than those obtained from various
approximate local conditions. Therefore, the DtN boundary con-
dition is chosen to cope with the exterior acoustic problems in this
paper.

Second, when using the standard FEM for the solution of
acoustic problems addressed by Helmholtz equation, one soon is
confronted with the well-known dispersion error issue. More
importantly, the larger wave number k is, the stronger dispersion
error will be. Therefore, the standard FEM can only provide reli-
able numerical results in the small wave number range, when it
comes to large wave number range, the FEM solutions will dete-
riorate quickly due to the dispersion error issue. Initial FEM re-
searchers used the “rule of thumb” to obtain relatively reliable
solutions. In this criterion, a certain fixed number of elements are
needed to resolve a wavelength. However, this criterion only
works well in the small wave number range. With the increase of
the wave number, the numerical dispersion error will increase
dramatically even if this criterion is satisfied. In order to deal with
this dispersion error effectively, a great number of numerical
techniques have been tested with varying degree of success.

Based on the standard Galerkin FEM, the Galerkin/least-squares
finite element method (GLS) are proposed to tackle the dispersion
error issue [24–26]. In the GLS model, the residuals in least-
squares form are added to the standard Galerkin variational
equation. The numerical results show that the GLS exhibits su-
perior properties for acoustic problems and provides accurate
solutions with relatively low dispersion error. Babuška and his
colleagues developed a quasi-stabilized FEM (QSFEM) to solve the
Helmholtz equations in two or more space dimensions [27,28]. It
is demonstrated that the dispersion error can be controlled by the
QSFEM. However, the QSFEM model is very complicated in the
general setting. Also based on the standard Galerkin FEM, Franca
et al. proposed the residual-free-bubbles (RFB) method for
Helmholtz equation [29]. Unfortunately, it is found that the RFB is
effective in one dimensions but not in higher dimensions. Fur-
thermore, the high-order finite element method has also been
applied for acoustic problems [30] and significant improvements
on accuracy are achieved, but higher cost in computation. In ad-
dition to the standard finite element method and the extended
finite element method mentioned above, the meshfree methods
have also been introduced to solve the acoustic problems, such as
the element-free Galerkin method (EFGM) [31,32], the multi-
resolution reproducing kernel particle method (RKPM) [33], the
radial point interpolation method (RPIM) [34] and the meshless
Galerkin least-square method (MGLS) [35]. Although the calcula-
tion accuracy can be improved to a certain extent with these
methods, the dispersion error in general two and three dimen-
sional acoustic problems still cannot be properly eliminated.

As mentioned in reference [36], the approximate discrete
model may be the main reason to cause dispersion error. The
stiffness of the discretized model obtained from the standard FEM
always behaves stiffer than the original model, leading to the so-
called numerical dispersion error. So producing a properly “sof-
tened” stiffness for the discrete model is much more essential to
control the numerical error. Recently, Liu et al. have proposed a
series of smoothed finite element methods (S-FEM) which are
formulated by incorporating the gradient smoothing techniques of
meshfree methods into the existing standard FEM [37–40]. The
S-FEMs have been applied to analyze linear elastic solid mechanics
and it is found that S-FEMs possess excellent features. Recently,
the S-FEMs have been successfully applied to solve acoustic and
coupled structural-acoustic problems [41–45]. In the S-FEM family,
the node-based smoothed finite element method (NS-FEM) is
formulated by performing the gradient smoothing technique over
the smoothing domains associated with nodes [46–48]. The nu-
merical results demonstrate that the NS-FEM can provide an upper
bound in the strain energy of the exact solution when a reasonably
fine mesh is used. However, NS-FEM is temporally instable and
cannot be applied to solve the dynamic problems and acoustic
problems directly due to its “overly-soft” property. In order to
overcome the temporal instability of the NS-FEM, Cui et al. have
proposed the stable node-based smoothed finite element method
(SNS-FEM) for elasticity problems and acoustic problems [49,50].
In the SNS-FEM, a extra gradient variance item is added to the
smoothed gradient field. It is found that SNS-FEM possesses an
ideal stiffness of the continuous system and improves the perfor-
mance of the NS-FEM and FEM. In the present research, the SNS-
FEM is used to solve the underwater acoustic scattering problems
which are very important in various scientific fields such as linear
and nonlinear wave mechanics, underwater technology and ocean
acoustics. In this paper, the SNS-FEM is combined with the DtN
boundary condition to give a SNS-FEM-DtN model for acoustic
scattering problems. Due to the good performance of the SNS-FEM
in interior acoustic problems and elasticity problems, it is expected
that the SNS-FEM can solve the acoustic scattering problems with
very exact solutions.
2. The exterior boundary value problem for the Helmholtz
equation

Consider an infinite acoustic problem domain with homo-
geneous isotropic medium. The acoustic wave satisfies the fol-
lowing reduced wave equation (or the Helmholtz equation).

Δ + = ( )p k p f 12

where p is the acoustic pressure, k is the wave number, Δ is the
Laplace operator and f is the acoustic source term.

Assuming that the surface of the obstacle immersed in the
unbounded domain can be decomposed into Dirichlet boundary
condition Γp and Neumann boundary condition Γv, where
Γ Γ∩ = ∅p v . The Dirichlet boundary condition and Neumann
boundary condition can be described as follows:

Γ= ( )p p on 2D p

ρω Γ∇ ⋅ = − ( )p n j v on 3n v

where = −j 1 , ρ is the density of the medium, ω is the angular
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frequency and vn is the normal velocity on the boundary.
In order to ensure that there is no spurious wave reflected from

the far field, the well-known Sommerfeld radiation condition
should be satisfied.

( ) ∂
∂

− =
( )→∞

−
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r

ikplim 0
4x

d 1
2

where d is the number of space dimensions.
3. The FEM-DtN method

The exterior boundary value problem governed by Eqs. (1)–(4)
cannot be solved directly by the standard finite element method
because the problem domain is infinite. In order to overcome this
difficulty, an artificial boundary, which is often a d-dimensional
sphere, is usually introduced into this problem. As shown in Fig. 1,
the original infinite domain is decomposed into two parts by the
artificial boundary B. The external part is still infinite and it can be
solved by the analytical approach. The internal part is finite and all
the surface of the obstacle is contained within it. The internal part
can be solved by the finite element method.

For the external part with an arbitrary Dirichlet boundary
condition on the artificial boundary, the analytical solution can be
obtained. In two dimensions, according to Keller and Givoli [19],
the analytical solution of this problem can be expressed as:

∫( ) ( )
( ) ( )∑θ

π
θ θ θ θ=

′
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( )

π
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∞ ( )

( )p r
H kr
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where R is the radius of the circular artificial boundary, ( )θ′p R, is
the acoustic pressure on the artificial boundary, the prime after
the sum indicates that a factor of 1/2 multiples the termwith n¼0,

( )Hn
1 is the Hankel function of the first kind.
For the internal part, the problem domain is bounded and so it

could be solved by the standard finite element method. We now
proceed to formulate the Galerkin weak form of this problem. As
mentioned in the previous section, the strong form of this problem
is given by Eqs. (1)–(4). The weighted residual equation can be
obtained by multiplying with a test function w and integrating
over the entire domain. Using Green's theorem, the Galerkin weak
form for this problem can be obtained by:
Fig. 1. The infinite domain is usually truncated by an artificial boundary Β yielding
a finite computational domain Ω.
∫ ∫ ∫ ∫( ) Ω Ω Γ− ∇ ⋅∇ + ∂
∂

= + ( )Ω Ω Γ
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From Eq. (6), it is seen that the normal derivative of the
acoustic pressure ∂

∂
p
n
on the artificial boundary is not yet known.

Therefore, the main problem at this stage is how to calculate the
integral ∫ ∂

∂
w Bd

B

p
n

. Here the well-known DtN map is used to handle

this problem. In the DtN method, the normal derivative ∂
∂
p
n
(the

Neumann datum) on the artificial boundary can be replaced by the
acoustic pressure p (the Dirichlet datum) and the DtN operator M.

Β∂
∂
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p
n
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As mentioned in the previous section, the analytical solution
for the external part is available. By differentiating Eq. (5) with
respect to r and setting r¼R, we obtain
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in which θ θ( − ′)mn is the DtN kernels and it can be separated as
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In this manner, the original problem in infinite domain can be
solved successfully. The detailed formulation of this problem by
finite element method is not given in this paper, interested readers
may refer to reference [36]. According to Keller and Givoli [19], the
discretized system equation for this problem can be obtained in
the following matrix form:

= ( )Kp F 11

where K is the system stiffness matrix, p is the unknown nodal
acoustic pressure in the computational domain, F is the vector of
nodal force.

The system stiffness matrix K can be written in two parts:

= + ( )K K K 12a b

where
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where Ka can be derived from the first term of Eq. (6), Kb contains
the DtN boundary condition and can be derived from the second
term of Eq. (6), I and J denote the node number and NI is the
defined shape function for node I.

By substituting Eq. (8) into Eq. (7), the stiffness matrix Kb which
contains the DtN operator M can be obtained as:

∫
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Fig. 2. The node-based smoothing domains in 2D problem are created by se-
quentially connecting the mid-edge-point to the centroids of surrounding n-sided
polygonal elements.
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where the simple trigonometric functions ( )F xj and ( )′F xj are
determined by:

θ θ( ) = ( )⎡⎣ ⎤⎦n nF x cos sin 17j

( ) θ
θ

′ = ′
′ ( )

⎡
⎣⎢

⎤
⎦⎥

n
n

F x cos
sin 18j

It can be seen from Eq. (12) that the effect of the DtN boundary
condition on the standard finite element method is the inclusion
of the matrix Kb in the system stiffness K. Due to the local support
property of the FEM shape functions, the value of NI equals 1 at
node I and equals 0 at every other node. Besides, NI will vanish
outside a local patch of elements which share node I. Then the
matrix KIJ

b is nonzero only if both nodes I and J lie on the boundary

Β. The matrix KIJ
b corresponds to DtN boundary condition. After

having calculated KIJ
b , the exterior acoustic problems in unbounded

domain can be solved by the standard finite element scheme.
It should be noted that both the radius of the artificial

boundary (R) and the number of terms used in the DtN map (N)
can affect the accuracy of the numerical solution. The accuracy of
solution will improve with the increasing of the two parameters.
However, large values of R will always lead to expensive compu-
tational cost. On the other hand, if the value of R is too small, large
round-off errors will deteriorate the accuracy of the numerical
solution. In addition, the full DtN map is represented by infinite
series. In practice, the infinite series have to be truncated at some
limit. With the increasing of the number of terms used, the
truncation error will become smaller. Actually, for fixed R and the
average mesh size h, there exist a N which is optimal (Nopt). This
value Nopt occurs when the finite element discretization error
equals the truncation error. According to Keller and Givoli [19], the
value of R and Nopt can be determined by the following formula:

= − ( + )
( )
( ) ( )

N p
h
R

1
log
log 19

opt
10

10

where p is the degree of polynomial approximation used in the
numerical methods.

In the present work, unless otherwise specified, N¼30 and
R¼1 is choosed in the practical computation. Numerical examples
demonstrate that the chosen values of the two parameters is
sufficient to ensure the accuracy of the numerical solution.
4. Formulation of the stable node-based smoothed finite ele-
ment method (SNS-FEM)

4.1. Brief on the node-based smoothed finite element method (NS-
FEM)

In the NS-FEM model, the problem domain Ω is first divided
into Ne triangular elements withNn nodes. Based on these trian-
gular elements, the node-based smoothing domains are created by
sequentially connecting the mid-edge-points with centroids of the
surrounding triangles. The smoothing domain associated with
node k is labeled as Ωk

s and Γk
s is the boundary of Ωk

s, as shown in
Fig. 2. The gradient smoothing technique is utilized here and the
integration required in Eq. (14) is now performed over the
smoothing domains rather than the original triangular elements.

For acoustic problems, the acoustic particle velocity v in ideal
fluid is linked to the gradient of acoustic pressure p by the fol-
lowing equation.

ρω∇ + = ( )p j v 0 20

In this present formulation, the acoustic particle velocity v is
smoothed by the node-based gradient smoothing technique and
the smoothed velocity field ¯ ( )v x in the smoothing domain Ωk

s can
be obtained by:

∫ Ω¯ ( ) = ( )
( )ΩA

v x v x
1

d
21k

s
k
s

Using the relationship between the acoustic particle velocity v
and acoustic pressure p, and introducing the Green's divergence
theorem, the smoothed velocity field presented in Eq. (21) can be
obtained in terms of the acoustic pressure p.

∫ ∫

∫

Ω
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k
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k
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k
s

k
s

k
s

k
s

in which Ak
s is the area of smoothing domain Ωk

s.
In this work, the simple linear shape function is used and the

smoothed velocity ¯ ( )v x can be rewritten in the following matrix
form:

∑
ρω

¯ ( ) = − ¯ ( )
( )∈j

pv x B x
1

23i M
i i

k

in which Mk is the total number of nodes in the influence domain
of node k.

Implementing the Gauss integration scheme along the bound-
ary Γk

s, the smoothed gradient matrix presented in Eq. (23) can be
calculated as:

∑ ∑¯ ( ) = ( )
( )= =

⎛
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s g

where Ns is the number of segments of the boundary Γk
s, Ng is the

number of the Gauss points distributed in each segment and wr is
the corresponding weight coefficients for Gauss point, nx and ny

are the components of the outward normal vector on the bound-
ary Γk

s.
Then the smoothed element stiffness matrix for smoothing

domain Ωk
s can be obtained as:

∫( ) Ω¯ = ¯ ¯ = ¯ ¯
( )Ω

AK B B B Bd
25

k T T
k
s

k
s

Finally, the global smoothed element stiffness matrix can be
assembled using

∑ ( )¯ = ¯
( )

−

=

K K
26k

N
kNS FEM

1

n
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5. The stabilized gradient smoothing technique for NS-FEM

In the original NS-FEM model, the smoothed gradient fields are
obtained by implementing the numerical integration over the
node-based smoothing domains. The bandwidth of stiffness ma-
trix for the NS-FEM model is larger than the FEM model because
more nodes are needed in each node-based smoothing domain.
The numerical results demonstrated that the NS-FEM can provide
an upper bound in the strain energy of exact solution for the solid
mechanics problems. However, the NS-FEM also suffers from the
“overly-soft” property which makes the NS-FEM temporally in-
stable. In fact, the NS-FEM cannot be used directly to solve dy-
namic problems and nonlinear problems due to the temporal in-
stability property. More importantly, the authors find that the NS-
FEM always leads to non-converging numerical results for acoustic
problems, when it comes to exterior acoustic problems, this phe-
nomenon will be even more severe. In order to overcome this
deficiency, some special stabilization techniques are needed for
the original NS-FEM. An effective stabilization scheme which can
improve the performance of NS-FEM will be presented in this
section.

Because the linear shape function is used here, the gradient of
acoustic is constant in each sub-smoothing domain Ωk

s and dif-
ferent from element to element. Such a piecewise constant gra-
dient field obviously cannot represents very well the exact gra-
dient field, and should be somehow modified or corrected. To
make a proper correction, the changes of acoustic pressure gra-
dient should be considered. In practical computation, this idea can
be implemented by the following steps.

Assuming each node-based smoothing domain can be ap-
proximated as a circle domain Ωk

sc with the same area Ak
s. It is then

divided into four sub-domains, the selected integration points gn
(n¼1, 2, 3, 4) lie in x-axis and y-axis, and keep the same distance rc

to node k, as shown in Fig. 3. The radius of the approximate do-
main can be calculated by

π= ( )r A / 27c k
s

Assuming that the acoustic gradient in Ωk
sc is continuous and

differentiable at the first order, its Taylor expansion can be written
as
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Then the acoustic pressure gradient at the four selected in-
tegration points can be obtained by
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Fig. 3. The schematic of approximate integration domain and selec
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Substituting Eqs. (29) and (30) into Eq. (14), the modified
smoothed stiffness matrix over the smoothing domain can be
obtained by
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in which K̄k
s is the same as in Eq. (25) and the additional gradient

matrix ( )B̄k
s

m
(m¼x, y)are obtained by
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From Eq. (31), it is found that the NS-FEM model has been
strengthen by the addition of terms that contain the changes of
acoustic pressure gradient in the smoothing domain. The “overly-
soft” deficiency of the original NS-FEM may be cured by the above
procedure and it is reasonable to expect that the performance of
NS-FEM could be improved for acoustic problems.
6. Numerical error estimates in acoustic problems

As is well known, both the wave number k and the average
mesh size h of the numerical model can influence the quality of
the numerical solution for acoustic problems using FEM. In prac-
tical application, the so-called “the rule of thumb” is usually used
to obtain relatively reliable solutions. According to this criterion, a
wave-length should always be resolved by a certain fixed number
of elements. However, this criterion can only work well in the
small wave numbers range. With the increase of the wave num-
bers, the numerical dispersion error will increase quickly even if
this criterion is satisfied.

As the published literature mentioned [51], the numerical error
indicator in the H1-semi-norm can be expressed as:

( ) ( )∫ Ω= − = ˜ − ˜ − ( )Ω
e p p v v v v d 33n

e h e h e h2 2 T

where ṽ is the complex conjugate of the velocity, the superscript e
denotes the exact solutions and h denotes the numerical solutions
obtained from numerical methods including the present SNS-FEM
and standard FEM.

It is proved that the relative error of the hp-version FEM so-
lution for acoustic problems in H1-semi-norm is bounded by [51]:
ted integration points for SNS-FEM in two-dimensional space.



Fig. 5. The scattering patterns of total pressure at wave number =k 10 of the
circular cylinder using the original NS-FEM model.
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where p is the degree of polynomial approximation used in the
numerical methods.

In this paper, the linear shape functions ( =p 1) are employed,
the relative error η can be rewritten as

η ≤ + ( )C kh C k h 351 2
3 2

From Eq. (34), it can be seen that the numerical error can be
split into two parts, namely the numerical interpolation error and
the numerical pollution error. The first term in Eq. (35) is the in-
terpolation error and it is obvious that this numerical error can be
controlled by keeping kh constant. The second term in Eq. (35) is
the numerical pollution error caused not only by phase shift but
also the error on the amplitude of the wave and this numerical
error can be controlled by keeping k h3 2 constant.

For linear interpolation ( =p 1) discussed in this paper, the
pollution error is neglectable if <kh 1, so the major component of
the relative error is the interpolation error for small wave num-
bers. However, when it comes to large wave numbers, the pollu-
tion error will dominate the relative error, because it will increase
quickly with the increase of wave number k. In this present paper,
the two-dimensional acoustic scattering problems are analyzed
and the relative error of the numerical solution obtained from the
standard FEM and SNS-FEM will be discussed in details.
7. Numerical results

In this section, a number of typical numerical examples are
conducted to illustrate the performance and ability of the pro-
posed SNS-FEM for acoustic scattering problems. For the purpose
of comparison, the corresponding numerical results obtained from
the Galerkin/least-squares finite element method (GLS) are also
available in this section. Numerical results showed that the pre-
sent SNS-FEM can successfully cure the “overly-soft” property of
the original NS-FEM and achieve convergent results. More im-
portantly, the SNS-FEM can provide much more accurate results
than the standard FEM and GLS, and the numerical error is sig-
nificantly decreased.

7.1. The circular scatterer

The first numerical example considered here is the acoustic
scattering by a rigid infinite circular cylinder in water. As shown
in Fig. 4, the direction of the incident plane acoustic wave is along
Fig. 4. The acoustic scattering from a single rigid cylinder with infinite length lo-
cated in the unbounded domain.
x-axis. The density of the fluid around the cylinder is 1000 kg/m3

and the velocity of the acoustic wave 1500 m/s. Such a problem
can be considered as a two dimensional acoustic scattering pro-
blems even if it is a three dimensional problem because one of its
dimensions is quite larger than the two other ones. The circular
obstacle with radius a¼0.2 is located at (0, 0). The artificial
boundary B with the center at (0, 0) is a circle with radius R¼1.
The analytical solution for this acoustic scattering problem is
available and the scattered acoustic pressure field can be ex-
pressed as

( )
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where k is the wave number, ( )J xn denotes the Bessel function of
the first kind, ( )H xn denotes the Hankel function of the second
kind. θ is the scattering angle. In Eq. (36), when =n 0, ε = 1n ,
otherwise ε = 2n .

7.1.1. Accuracy of the scattered acoustic field
Fig. 5 shows the scattering patterns of total pressure at wave

number =k 10 of the circular cylinder using the original NS-FEM
model. From the figure, it is clearly seen that the NS-FEM results
for the acoustic scattering problems is non-converging. The pos-
sible reason for this phenomenon may be that the original NS-FEM
model suffers from the “overly-soft” property and it cannot be used
directly to solve acoustic scattering problems. In order to over-
come this issue, the original NS-FEM model should be properly
modified. The SNS-FEM model proposed in this paper is expected
to meet this need.

At first, three different wave number values ( =k 5, =k 10 and
=k 15) have been employed to study this typical acoustic scat-

tering field using the proposed SNS-FEM with average mesh size of
0.04 m. For comparison, the FEM and GLS results are also com-
puted using the same mesh. The scattering patterns of total
pressure at a distance of r¼1 m at different wave numbers for the
circular cylinder are shown in Fig. 6. In order to test the perfor-
mance of the SNS-FEM method, the FEM and GLS results, together
with the exact solutions, are also plotted in the figures. From these
figures, we can clearly observe the following:

1. The “overly-soft” property of the original NS-FEM model has
been cured and the proposed SNS-FEM can provide convergent



Fig. 6. The scattering patterns of total pressure at a distance of r¼1 m at different wave numbers for the circular cylinder: (a) =k 5; (b) =k 10;(c) =k 15.
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and accurate numerical results for the acoustic scattering
problems.

2. For small wave number, the three models, including the SNS-
FEM, FEM and GLS, can provide very accurate results which are
in good agreement with the exact solutions and all the nu-
merical errors from different models are small.

3. With the increase of the wave number, all the results from
different numerical methods will depart from the exact one and
the corresponding numerical errors become larger. However,
the SNS-FEM model can obtain much more accurate numerical
results than the standard FEM model. More importantly, the
SNS-FEM model even can achieve better results than the GLS
model which has been proved to be a very effective method to
control the numerical error for acoustic problems.

Moreover, the scattered acoustic pressure distribution in the
problem domain are also presented. Two different wave number
( =k 5 and =k 12) are studied in this model. Fig. 7a and b display
the scattered acoustic pressure distribution for =k 5 obtained
from SNS-FEM and FEM with the same mesh, while the results
using SNS-FEM and FEM for =k 12 are presented in Fig. 8a and b.
For the purpose of comparison, the analytical solution of this
problem for =k 5 and =k 12 are also plotted in Fig. 7c and Fig. 8c.
From the figures, it is observed that SNS-FEM and FEM provide
similar results which are in perfect accord with the exact solution
for small wave number ( =k 5). When it comes to large wave
number ( =k 12), the contour of the acoustic pressure obtained
from SNS-FEM will stand out and are more accurate than the re-
sults from FEM compared with the exact solution. From the above
results, it is again verified that SNS-FEM performs better than FEM
and can achieve more accurate results for acoustic scattering
problems, especially for large wave numbers.

Furthermore, the computational efficiency of the present SNS-
FEM is also investigated. Here four different meshes are employed to
discretize the problem domain. All the program used in this work are
compiled by a personal computer with Intel (R) Core (TM) 4 Duo CPU
3.5 GHz and RAM 16 GB. Fig. 9 illustrates the CPU time (s) against the
numerical error indicator obtained from different numerical methods
at the wave number =k 15. It is observed that the computing load of
the SNS-FEM is always larger than those of the GLS and FEM for a



Fig. 7. Scattered acoustic pressure distribution obtained from different numerical methods for wave number =k 5: (a) FEM. (b) SNS-FEM. (c) Exact solution.
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fixed mesh. This is not difficult to understand. Firstly, performing the
node-based smoothing technique over the problem domain needs
some additional pre-processing. On the other hand, the bandwidth of
the SNS-FEM stiffness matrix is always larger than FEM because in
the SNS-FEM model more node information are needed to assemble
the element stiffness matrix. These two factors are the main reasons
why the SNS-FEM needs more time than FEM with the same mesh.
However, it does not mean that the SNS-FEM is not effective enough.
When the numerical error indicator is taken into consideration, it is
shown from the figure that the SNS-FEM will exhibit higher com-
putational efficiency than GLS and FEM. For example, when the
numerical error indicator = −E 10p

6.8, the CPU time of SNS-FEM

−tSNS FEM is =−10 0.50 s0.3 , while the CPU time of the GLS and FEM is
= =t 10 2.24 sGLS

0.35 and = =t 10 5.01 sFEM
0.7 . It is clear that the CPU

time of SNS-FEM is about 1/4 of the GLS and 1/10 of the FEM.
Therefore, it can be concluded that SNS-FEM is more effective than
GLS and FEM.

7.1.2. Convergence study
The convergence of the numerical results from different

methods for the acoustic scattering problem will be discussed by
using several different meshes. Fig. 10 presents the convergence
curves in terms of the relative error against the average mesh size
h at different wave number of =k 10 and =k 20. In order to give a
comparison, the SNS-FEM results, together with the FEM and GLS
results, are plotted in the figure. From the figure, we may find the
following:

1. At small wave number values, the relative errors from all the
different methods are small even if the average mesh size is
large.

2. With the increase of wave number, the relative errors of all the
three methods will increase quickly compared to those of small
wave number with the same mesh. However, SNS-FEM is more
efficient and can provide better results than FEM and GLS.

3. For a fixed wave number, the relative error of all the numerical
methods trend to zero when the mesh gets finer. However,
among the three models, the SNS-FEM model stands out very
clearly for this problem and converge to the exact solution
much faster than FEM and GLS models.

In addition, for the wave number =k 15, the convergence rate
of the present SNS-FEM is also considered. Fig. 11 gives the con-
vergence rate curves of the three numerical methods. From the
figure, it is clear that the SNS-FEM shows a significantly improved
performance compared to GLS and FEM.



Fig. 8. Scattered acoustic pressure distribution obtained from different numerical methods for wave number =k 12: (a) FEM. (b) SNS-FEM. (c) Exact solution.

Fig. 9. The CPU time (s) against the numerical error indicator obtained from dif-
ferent numerical methods.

Fig. 10. Comparison of convergence of the results from the three different nu-
merical models with different meshes.
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Fig. 11. The convergence rate curves of the three numerical methods.

Fig. 12. The global numerical error in the H1 semi-norm against the wave number k
for the different numerical models.

Fig. 13. Evolution of the relative error in H1 semi-norm against h1/ with varying h
and keeping kh constant.

Fig. 14. Evolution of the relative error in H1 semi-norm against h1/ with varying h
and keeping k h3 2 constant.

Fig. 15. The geometric shape of the rigid elliptical scatterer.

Y. Chai et al. / Engineering Analysis with Boundary Elements 72 (2016) 27–4136
7.1.3. Control of the numerical error
From Eq. (35), it is seen that the relative error for acoustic

problems is related to the non-dimensional wave number terms kh
and k h3 2. The interpolation error can be controlled by keeping kh
constant and the pollution error can be controlled by keeping k h3 2

constant. In this sub-section, the ability of controlling the relative
error for the present SNS-FEM model will be studied. For a fixed
mesh size, Fig. 12 presents the relative error as a function of the
wave number for the three numerical models. For the purpose of
discuss, cases of =kh 1 (the interpolation error) and =k h 13 2 (the
pollution error) are also plotted in the figure. As shown in the
figure, at very small wave number values, the relative error for all
the three models are very small, but the relative error grows
quickly as the wave number k increases. However, the GLS results
are better than the FEM and worse than the SNS-FEM for the full
wave number range. These findings again indicate that SNS-FEM
model is reliable and can provide better than FEM and GLS models
for acoustic scattering problems.

Furthermore, in order to study the controll of numerical error
with the present method clearly. The global numerical errors are
calculated using a series of different meshes by keeping =kh cst
and =k h cst3 2 . Fig. 13 shows the relative error as a function of h1/
with varying h and keeping kh constant using the above-men-
tioned three numerical models. From the relative error results in
Fig. 13, it is observed that:

1. For small wave number values, the relative error is controlled;
the possible reason for this is that the numerical error is mainly
from the interpolation error (the first term in Eq. (34)) and the
pollution error (the second term in Eq. (34)) can be negligible
for small wave number range, while the interpolation error has
been controlled by keeping kh constant, hence the relative error
is well controlled.

2. For large wave number values, the relative error results will
increase dramatically; the reason for this may be that the pol-
lution error will dominate the relative error because the pol-
lution error will increase linearly with the wave number k even



Fig. 16. The scattering pattern at different non-dimensional wave numbers for the elliptical scatterer: (a) =ka 2 (b) =ka 5.

Fig. 17. The real part of the scattered acoustic pressure along the x-axis at different wave numbers for the rigid elliptical scatter: (a) =k 10 (b) =k 20 (c) =k 30.
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if =kh cst is kept.
3. Although the relative error from all the three models will in-

crease when the wave number grows, the SNS-FEM model still
can give much better results than FEM and GLS models. This
means that a certain level of numerical error has been
controlled by the node-based gradient smoothing techniques
used in the SNS-FEM model.

Fig. 14 shows the relative error as a function of h1/ by varying h
and keeping k h3 2 constant. From the figure, it can be seen that the



Fig. 18. The geometry of the rigid rudder-shaped scatterer.
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relative error can be well controlled for all the three numerical
models if =k h cst3 2 is kept. This is because both the interpolation
error and the pollution error can be controlled in the case

=k h cst3 2 based on Eq. (34). However, compared to FEM and GLS
models, the SNS-FEM model still provide much better results.
Fig. 19. The real part of the scattered acoustic pressure along the x-axis at different
7.2. The elliptical scatterer

In this section, a rigid infinite elliptical cylinder is considered to
check and verify the validity of the proposed SNS-FEM model for
acoustic scattering problems. The geometric parameters of this
problem is shown in Fig. 15, the scatterer located at (0,0) is a rigid
elliptical cylinder with an aspect ratio =a b/ 2 (a¼0.2 and b¼0.1).
The artificial boundary B is still a circle of radius R¼1 with center
at (0, 0). The incident plane wave and fluid medium are the same
as the problem discussed in previous section. The computational
domain is discretized into 1480 nodes and 2800 triangular
elements.

To illustrate the effectiveness and feasibility of the present
method for acoustic scattering problems, the scattering pattern at
different non-dimensional wave numbers (ka¼2 and ka¼5) for
the elliptical scatterer are also calculated. In Fig. 16a and b, the
SNS-FEM results were presented in comparison with the numer-
ical results obtained from the well known T-matrix method [52]. It
is seen that the SNS-FEM results match fairly well with those
obtained from the T-matrix method. Based on the tests and
comparisons described above, it is demonstrated that the present
SNS-FEM model is effective to solve the acoustic scattering
problems.

Furthermore, the numerical results obtained from the three
models, including the SNS-FEM, FEM and GLS, will be compared
and discussed in this part. Fig. 17 illustrate the real part of the
scattered acoustic pressure along the x-axis at different wave
wave numbers for the rudder-shaped scatterer: (a) =k 10 (b) =k 20 (c) =k 30.
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numbers ( =k 10, =k 20 and =k 30). In order to give a compar-
ison, the numerical results obtained from FEM with a very fine
mesh are presented as the reference solutions. As shown in these
figures, compared to the SNS-FEM model, the FEM model is able to
provide similar numerical results for small wave number range.
When it comes to large wave number range, the FEM results will
deteriorate quickly. However, the SNS-FEM can provide very ac-
curate results for the full wave number range. More importantly,
the numerical results from SNS-FEM model are also much more
accurate than those from GLS model. These findings validate that
Fig. 21. The real part of the scattered acoustic pressure along the x-axis at different w

Fig. 20. The geometry of an object of arbitrary shape.
the present SNS-FEM can achieve more stable solutions than FEM
and GLS for acoutic scattering problems, especially for large wave
numbers.

7.3. The rigid rudder-shaped scatterer

To illustrate the performance and ability of the SNS-FEM model
for a real structure, the acoutic wave scattering from a rigid rud-
der-shaped scatterer is investigated in this section. Fig. 18 shows
the numerical model. The problem domain is discretized into 1557
nodes and 2970 triangular elements and three different wave
numbers ( =k 10, =k 20 and =k 30) are considered here. The
boundary condition and the incident acoustic wave are the same
as described in previous section. The real part of scattered acoustic
pressure distribution results along the x-axis obtained from the
above-mentioned three models are shown in Fig. 19. Likewise, the
reference results obtained from FEM with a very fine mesh are
plotted in the figure for comparison. As depicted in the figure, the
errors of the real part of the scattered acoustic pressure obtained
from the three numerical models are similar to the reference re-
sults at small wave numbers. However, for large wave numbers,
the numerical results from the SNS-FEM model will depart a little
from the reference results, but much less than those from FEM and
GLS models. From this numerical example, it is again verified that
the SNS-FEM model performs better than FEM and can be used to
solve acoustic scattering problems from practical objects with
complicated geometry.
ave numbers for the object of arbitrary shape: (a) =k 10 (b) =k 20 (c) =k 30.
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7.4. The object of arbitrary shape

An object of arbitrary shape shown in Fig. 20 is considered here
to again test the present SNS-FEM formulation. The surface of the
object is rigid. The incident plane acoustic wave is along the x-axis.
The radius of the circular artificial boundary B is still R¼1 and its
center is (0, 0). The properties of the fluid around the object are
unchanged from the previous numerical examples. The problem
domain is discretized into 2266 nodes and 4312 elements. The
scattered acoustic distribution results along x-axis are calculated
and discussed here. The real part of the acoustic pressure obtained
from the three numerical methods at different wave numbers are
shown in Fig. 21. Note that the exact solution to this problem is not
available, the reference solutions shown in the figures are obtained
from FEM using a very fine mesh. From the results shown in
Fig. 21, similar conclusions as the previous section can be found.
This example again verified that the present SNS-FEM performs
better than FEM and GLS and it is very promising to solve more
complicated and practical engineering problems.
8. Conclusions

In this paper, the stable node-based smoothed finite element
method (SNS-FEM) is formulated and combined with the Dirich-
let-to-Neumann (DtN) boundary condition to give a novel SNS-
FEM-DtN model for two-dimensional underwater acoustic pro-
blems. The numerical integration is implemented over the
smoothing domains associated with the nodes of the triangular
elements and then the obtained node-based smoothed gradient
field is enhanced by the additional stabilization term related to the
gradient variance items. A number of numerical examples are in-
vestigated in detail to examine the accuracy, convergence and
numerical error controll of the present SNS-FEM model. The fol-
lowing conclusions can be drawn from the numerical results.

1. The numerical results from the original NS-FEM for acoustic
scattering problems are non-converging due to the “overly-soft”
property of the NS-FEM. However, this fatal drawback has been
cured by the SNS-FEM model and the SNS-FEM model can
provide very stable and convergent results.

2. For acoustic scattering problems, the results of SNS-FEM are in
good agreement with the exact solutions and the results of
other methods, such as the FMM and T-matrix method. More
importantly, the SNS-FEM model shows higher rate of con-
vergence and is much more accurate than the standard FEM the
well-known GLS model.

3. The SNS-FEM model works very well with the triangular mesh
and no additional parameters or degree of freedoms are needed,
hence it can be implemented directly with little change to the
original FEM and NS-FEM code.

4. For the practical underwater acoustic scattering problems with
complicated geometry, the SNS-FEM performs better than the
FEM with the same mesh. It indicates that the SNS-FEM is
capable of solving the real engineering problems with very ac-
curate results.
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