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Resonance Scattering of an Arbitrary Bessel
Beam by a Spherical Object
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Abstract—In our prior work, multipole expansion coefficients
of a Bessel beam of arbitrary order with respect to an object of
arbitrary location was derived analytically and combined with
the T-matrix method to numerically compute the scattering.
The present work is extended to directly use the multipole
expansion to calculate the scattering from an elastic spherical
target. The incident Bessel beam is located at an arbitrary
location with respect to the center of the sphere. The far-
field resonance scattering in both on- and off-axis incidences
is calculated by subtracting an appropriate background from
the total scattering based on the resonance scattering theory.
The results reveal that the ordinary or helicoidal Bessel beams
with selected half-cone angle could lead to resonance suppression
at some resonance frequencies for on-axis incidence, however,
not for off-axis incidence. The intrinsic property of the elastic
scattering contribution from a sphere is shown by the three-
dimensional patterns of resonance scattering. The resonance
scattering and suppression from thin and thick shells are also
noted.

Index Terms— Arbitrary order and location, Bessel beam,
exact solution, multipole expansion method, resonance scattering
theory (RST).

I. INTRODUCTION

ESSEL beams have received increasing attention in

optics and acoustics ever since they were proposed by
Durnin [1], [2] due to the nondiffracting and self-healing
properties. Particularly, the sound scattering field of a Bessel
beam exhibits very different behaviors from that of ordinary
plane wave incidence. The ordinary Bessel beam (OBB) has an
axial peak and radially symmetric phase, while the helicoidal
Bessel beams (HBBs) possess an axial null and spiral phase
dislocation [3]-[8]. An ideal Bessel beam could propagate
without diffraction and has infinite beamwidth, which has been
resembled by a finite Bessel beam near the transducer through
experimental implementations [9], [10]. The scattering of a
Bessel beam from a spherical object has been derived by using
the superposition of plane waves based on the partial-wave
series method for the OBB [3], [4] and HBB [5]. The reso-
nance suppression properties of the total field from an elastic
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spherical object centered on the axis of the Bessel beams with
selected half-cone angles were investigated in detail [4]-[6].
Under certain circumstances, the canceled resonances appear
due to the fact that the contribution of certain partial wave
vanishes at the resonance frequency. The half-cone angle is
selected to have the zero values of the Legendre polynomial
for the OBB [4] or of the associated Legendre functions for
HBBs [5], [6], leading to the suppression of certain resonance.
Different from the plane wave incidence, the total scattering
from a Bessel beam is sensitive to the beam axis with respect
to the center of the object.

In the field of acoustofluidics considering vortex beams,
it is interesting and necessary to investigate the scattering
or related acoustic radiation force and torque exerted on an
object placed in the vortex beam with arbitrary topological
charge (order) and location. HBB is a type of vortex beams.
A recent study extended to the off-axial Bessel beam scattering
by a sphere using the spherical harmonics transform [11], [12].
A numerical quadrature was applied to calculate the expansion
coefficients (also called beam-shape coefficients from the
optical field) of the incident Bessel beam, which could be
used to calculate the scattered field based on the scattering
theory for the spherical object. Unfortunately, the formulas
of the expansion coefficients are somewhat limited since
the expression may be divergent when the denominator is
null [11]. Under this circumstance, special attention should
be paid to keep the denominator not equal to zero, which may
lead to limitations of values of the dimensionless frequency.
In addition, the numerical quadrature will also bring in extra
calculation errors and further increase the computational cost.
Hence, there is still a need to introduce the exact solution
based on the multipole expansion method [8], [13] for the
acoustic scattering of Bessel beams with arbitrary order and
location, which is expected to overcome the limitations of the
previous exact solution based on plane waves superposition
and the numerical quadrature based on the spherical harmonics
transform.

In this paper, another uniform and closed-form expression
of acoustic scattering in an arbitrary Bessel beam are intro-
duced by using the multipole expansion method, which could
authentically improve and supplement the plane wave super-
position method for the on-axial incidence case developed
by Marston. Moreover, there will be no limitation on the
values of the dimensionless frequency since the beam-shape
coefficients are independent of the possible divergent term. It is
noteworthy that a more general theory of arbitrary-order Bessel
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Fig. 1. Schematics of scattering from a sphere in (a) OBB with the on-axis
incidence and (b) HBB with the off-axis incidence.

beam interacted with an arbitrarily located sphere has been
developed for the scattering fields, powers of scattering and
absorption, and axial radiation forces [14], which is outside the
scope of the present work. In addition, the resonance scattering
theory (RST) [15], [16] for acoustic scattering is applied to
discuss the pure resonance scattering contribution from the
elastic sphere and spherical shell in detail. Moreover, the on-
and off-axial 3-D scattering patterns are depicted in terms of
the far-field scattering form function moduli. The present work
describes a fundamental study by giving a theoretical approach
for acoustic scattering from a spherical shape placed in the
arbitrary location of Bessel beams with verifications of the
previous works and several new discussions.

II. INCIDENT COEFFICIENTS BASED ON MULTIPOLE
EXPANSION METHOD

In this section, the spherical targets placed in the nonvis-
cous and homogeneous fluid are considered to investigate the
scattering of a Bessel beam with the on-axis and off-axis
incidences, as shown in Fig. 1(a) for an OBB and (b) for
an HBB. Taking an ideal Bessel beam with arbitrary order
and location as an example [Fig. 1(b)], the incident poten-
tial field of a Bessel beam with the arbitrary origin Oygpp
located in (xo, yo, zo) in the xyzO coordinate system could be
expressed as

D = Doe Mk 0 gy (k, R MY (1)

where @ denotes the beam amplitude, M is the topological
charge of the beam with M = 0 corresponding to OBB,
and M > 1 corresponding to HBBs. Jy; is the cylindrical
Bessel function of the indicated argument, k, = kcos and
k, = ksin § are the respective axial and radial wavenumbers.
In the off-axis incidence, the projection of radial distance
for an arbitrary field point (x,y,z) in x'Oygpy’ is R’ =
((x —x0)% 4+ (y — v0)*)'/2, and the corresponding azimuthal
angle ¢’ = tan"!'[(y — yo)/(x — x0)]. Since all the fields
have the same time dependence, the time-harmonic factor
e~ is suppressed in the following throughout. The main
idea of the multipole expansion method [8], [13] is to use
the well-known spherical harmonics expansion [17]. Hence,
(1) could be rewritten as the product form of the incident
expansion coefficients a,,, and basis wave functions

o n
Dppg = Do Z Z i"apm X ]n(kr)Ynm o, ®) 2)

n=0m=-—n
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where j,(kr) and Y,,,(0,9) are the spherical Bessel
function of the first kind and the normalized spheri-
cal harmonic functions (Ynn, = &P} (cos H)ei’"‘/’ with
Em = ([(@n+ D)(n —m))/[47 (n + m)']))'/2, respectively.
The expansion coefficients of incidence a,,, are determined by

1 /271 /71' ]
apm = ———— DAY (0, ¢)sinOdOdy (3)
" @ jukr) Jp—o Jo=o >0 ?

where the asterisk indicates the complex conjugate of indicated
expression. The expansion coefficients of the incident Bessel
beams with arbitrary location and order could be obtained by
using the addition theorem of cylindrical Bessel function and
the exact integration of the hybrid product of the associated
Legendre, cylindrical Bessel, and exponential functions in
spherical coordinates [8]

Apm = A Epni™M " P (cos Bre k0 gy (0())e*"(m*/"“"’0

“)

where o9 = k,Ro with the projection of the center of the
Bessel beam (xo, Yo, z0) on the xOy plane, Ry = (x3 + y3)'/2,
and the azimuthal angle po = tan~!(yo/x0). P (cosf) are
the associated Legendre functions with the argument related
to the beam cone angle /. Note that when m = 0, P,(cosf})
specifies the Legendre polynomial. The incident coefficients
in (4) depend on the azimuthal index m since the azimuthal
symmetry of the Bessel beam with respect to the sphere
breaks down for the off-axis illumination. The theoretical
derivation of the expansion coefficients in (4) has no limitation
on the dimensionless frequency since the term j,(kr) in
the denominator of (3) is canceled during the procedure.
When the centers of the sphere and Bessel beam coincide
(Rp = 0), (4) could be degraded into the on-axis expression
of beam-shape coefficients [3]-[7]. After deducing the incident
beam-shape coefficients ay,,, it is accessible to obtain the
scattered potential @ caused by the presence of a spherical
object on the propagation path of the wave field according to
the scattering theory

oo n
Oy =09 > D i"aum Ak kr)Yum@.0) (5

n=0m=—n

where A, denotes the partial-wave coefficients of the scattered
field and h,(f)(kr) is the spherical Hankel function of the first
kind. The partial-wave coefficients A, could be obtained from
the scattering coefficients s, through a typical relationship
A, = (s, —1)/2. The scattering coefficients s, of a wide
variety of spherical shapes are briefly reviewed in [3], which
depend on the dimensionless frequency ka, the boundary con-
dition, and material properties. By the law of energy conserva-
tion, the modulus of the scattering coefficients meets |s,| = 1
without absorption [18]. It is helpful to note the consistency
between the T-matrix method [19], [20] and the partial wave
series solution for the relationship between the partial-wave
coefficients and scattering coefficients. In the T-matrix method,
the transition matrix T, ,, (similar as the partial-wave
coefficients A, in the series solution) has the form 7, ,/y =
(Sum.n'm — 1)/2 with S,,,,, v being the scattering coefficients
(ISum,nml = 1 in the absence of absorption). Both A, and
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Tum.wny give a linear relationship between the incident and
scattered beam-shape coefficients. For the spherical shape
with the azimuthal symmetry, the scattering coefficients are
independent of the azimuthal index m, thus only depend
on the partial-wave index n. This could be seen through
the scattering coefficients s, in the series solution and the
simplified transition matrix 7,y in the T-matrix method [20].
The T-matrix method is regarded as the matrix form for all
the expanded coefficients and the T matrix, while the partial
series method as the series summation of different partial
waves (both the terminologies of the methods are named
after the characteristics). The matrix multiplication of the
T matrix and incident coefficients will induce the summation
of the corresponding partial waves as in a direct way in the
partial-wave series.

In general, when investigations are focused on the far-field
region (kr — 00), it should be noted that the spherical
Hankel function of the first kind can be replaced by an asymp-
totic approximation h,gl)(kr) ~ =Dk (kp). Accord-
ingly, the steady-state (time-independent) scattered potential
in far-field could be represented in the term of form function
as [21]-[23]

12 .
D, = @oz—ﬁf(ka,e, B, p)e*” (6)

where 6 is the scattering polar angle, r( is the characteristic
length of the object, and for a spherical shape, ro = a. The
far-field form function is, therefore, defined by the exact partial
series as

2 — ~
fka,0,f,0) === > amAnYan(@9) (D
n=0m=—n
which could be used to compute the scattering field for
the spherical shapes with different boundary conditions and
material compositions, such as soft, rigid, and elastic spheres.

III. RESONANCE SCATTERING THEORY FOR
A SPHERICAL SHAPE

The RST is considered to isolate the resonance scattering
contribution from the total scattering field by subtracting
an appropriate background. For the elastic spherical shapes,
the incident wave could propagate both outside and inside
the object. The impenetrable waves outside the object mainly
include the contributions from the wave around the geometry
(Franz wave) and rigid reflections, whereas the penetrable
waves inside the object mainly consist of Rayleigh waves
and Whispering Galley waves for a solid sphere and lamb
waves for an empty shell. The RST is to separate each
individual normal mode contribution to the overall scattering
fields into two distinct parts: the resonance scattering and the
nonresonance part (background). In early studies, the RST [15]
has been successfully demonstrated that the rigid background
is suitable for solids [16], [24] and thick shells [25], and
the soft background for very thin shells [26]. Note that for
a spherical shell between the thin and thick shells, the inter-
mediate (hybrid) background may be applied to separate the
resonance contribution [27], [28]. It is interesting to note
that advanced background theories for multilayered cylinders
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have been developed recently [29], [30]. According to (7),
the resonance form function can be expressed by subtracting
a rigid or soft background linearly from the total scattering
field as follows:

freS(ka, 0, B, 9)
DT
= k—al Z Z Anm [A”(ka) - A:zjs(ka)]ynm (0, (ﬂ) (8)

n=0m=—n

where the partial-wave coefficients of the background A};* (ka)
could be obtained with the known scattering coefficients
stka) = —hP (ka)/nV (ka) for the rigid and sS(ka) =
—h,(lz) (ka)/hf,l)(ka) for the soft background terms, respec-
tively. It is noteworthy that the form functions are complex
number by (7) and the scattered fields are often described by
the modulus of the form function. The resonance scattering
contributions by (8) should be calculated by subtracting the
complex form function of the background from that of the
total scattered field and, finally, taking the modulus values of
the complex resonance form function.

IV. SCATTERING FROM A SOLID SPHERE IN
AN ORDINARY BESSEL BEAM

The resonance form function presented in Section III is
applied to compute the scattering of the illumination of
the zeroth-order OBB by a tungsten carbide (WC) sphere
submerged in water for both on- and off-axis incidences.
The material for the solid sphere is selected to obtain the
narrow resonances over a wide range of ka due to the
weak radiation damping for the hard dense material [4]. The
properties of the WC (tungsten carbide) sphere are the density
ps = 13.8 g/cm?, the longitudinal velocity of sound ¢; =
6650 m/s, and transverse velocity c7 = 3981 m/s. The density
of the surrounding water is p,, = 1 g/cm?, and the sound
velocity ¢,, = 1482.5 m/s. The backscattering form functions
are considered for the WC sphere in OBB by depicting the
2-D form function modulus curve versus the dimensionless
frequency ka. For a solid sphere, the rigid background is
appropriate for the separation of the resonance contribution
from the total field. First, the RST is applied to compute the
form function moduli of the background, total, and resonance
scattering, respectively. Both the plane wave incidence (half-
cone angle vanishes such that f = 0°) and the ordinate Bessel
beams with selected half-cone angles are considered. To verify
the effectiveness of the present analytical method, the on-axis
incidence is studied here with several half-cone angles that
make the Legendre polynomial null [P,(cosf) = 0]. The
explicit values of the half-cone angles are listed in Table 1.

Fig. 2(a)—(c) depicts the backscattering form functions of
the background, total, and resonance contributions versus the
dimensionless frequency ka of a WC sphere centered on the
axis of OBB in water. The half-cone angles are given in
each panel. As shown in Fig. 2(a), the form function moduli
are slightly oscillating around |f| = 1 both for the plane
wave and Bessel beam incidences in the geometrical region of
frequency (generally, ka > 10). This could be explained by
the geometric optics limit that the specular reflection modulus
is independent of the scattering angle [31], [32], leading
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TABLE I

SELECTED HALF-CONE ANGLES f# FOR ROOTS OF LEGENDRE
POLYNOMIAL Py (cos /) = 0 AND ASSOCIATED LEGENDRE
FUNCTIONS Pnl’z(cos £ =0

/17
Bessel beams i (COS ﬁ) 0 £
n m
2 0 54.7346°
3 0 39.2315°
OBB 4 0 30.5556°
5 0 25.0173°
3 1 63.4349°
FHBB 4 1 49.1066°
5 1 40.0881°
4 2 67.7923°
SHBB 5 2 54.7356°
6 2 75.4892°

to the similar phenomenon in the backscattering even for
Bessel beam whose wave vector has a cone angle relative
to the beam axis. The total scattering of the WC sphere
is shown in Fig. 2(b) with similar behavior as that of the
rigid background in an approximate region ka < 6, which
is due to the fact that the impenetrable waves dominate in
the total scattering in this case. The oscillations come from
the interferences between the specular contribution and Franz
wave. The difference of the form function moduli between (a)
and (b) for the first peak at approximately ka = 1.45 is
due to the resonance of the dipole mode, as further proven
in Fig. 2(c). The computational results of the scattering in
Fig. 2 through the theoretical approach based on the multipole
expansion method agree well with those using the T-matrix
method [33] which only considered the on-axis incidence.

The resonance scattering form function [Fig. 2(c)] is
acquired by subtracting the background [Fig. 2(a)] from the
total scattering [Fig. 2(b)] by the RST, which shows obvi-
ous narrow resonance peaks, especially for the second to
fifth-order Rayleigh resonance at ka = 7.06, 10.46, 13.38,
and 16.10, respectively. The peaks with lower amplitudes of
form function modulus and narrower resonances than those of
the Rayleigh types are the Whisper Gallery types, which will
not be further discussed in the present work. The canceled
resonances appear for a certain resonance with an OBB with
a selected half-cone angle, such that f, = 54.7346° for
the second-order Rayleigh resonance (Rz), f3 = 39.2315°
for the third order (R3), fa = 30.5556° for the fourth
order (R4), and f5 = 25.0173° for the fifth order (Rs),
as shown clearly in Fig. 2(c). The physical mechanism of the
resonance suppressions in OBB was given by Marston to use
the expression for the form function of a sphere based on plane
wave superposition for the on-axis incidence [3], [4]

F(ka, cos@, cos )

= 0> @t sy~ DPcosO)P(c0s ) (9)
n=0

which depends on the term of Legendre polynomial P, (cos f).
Except for f = 0°, the other four half-cone angles f, corre-
spond to the respective roots of P,(cosf) =0 forn = 2,3, 4,
and 5 (see Table I with m = 0). The corresponding suppression
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Fig. 2. (a) Rigid backscattering form function, (b) total backscattering form
function, (c) pure resonance backscattering form function moduli versus the
dimensionless frequency ka for a WC (tungsten carbide) sphere in water
illuminated by the zeroth-order OBB with selected half-cone angles. g = 0°
specifies the plane wave limit.

of the individual Rayleigh resonance could make clear that
the partial wave is suppressed with P, (cos f5,) = 0, resulting
in the partial-waveform function F,(ka,cos®,cosf,) = 0.
However, the on-axis expression of the form function may be
not able to explain the resonance phenomena for the off-axis
incidence.

Note that the present expressions of (4), (7), and (8) may not
be able to give the explanation of the resonance suppression
in a direct way since the form function of arbitrary-order
Bessel beam with the term P)"(cos ) is computed by the
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Fig. 3. 3-D resonance scattering patterns of an OBB for a WC sphere in the
far field with different half-conical angles at the frequency of the second-order
Rayleigh resonance ka = 7.06. (a) Incident direction is along the positive
z-axis. The first row (a-c) is for the on-axis incidence while the second (d-f)
and third (g-i) are for the off-axis with offsets (xq, yo) = (7 /ka, 27 /ka) for
panels (d) and (e) and (xg, yp) = (0.17 /ka, 0.2% /ka) for (g)-().

summation over all the partial-wave index n and the azimuthal
index m, with n = [0, Nmax] and m = [—n,n]. Npax iS
the truncation number to make the exact results convergent.
However, the present work shows an analytical method for the
scattering of the Bessel beam both on the axis (xo, yo, z0) =
(0,0,0) of the object and off the axis. To further discuss
the resonance scattering properties of the WC sphere in the
OBB with arbitrary location, the 3-D resonance patterns of
form function moduli are calculated by subtracting the rigid
background at the frequency of the second-order Rayleigh
resonance (ka = 7.06) in Fig. 3. The incidence direction
is along the z-axis, as shown with the coordinates system
in Fig. 3(a). The first row depicts the scattering for the on-axis
incidence, while the second and third rows for the off-axis
with the offsets (xo, yo) = (x/ka,2n/ka) and (xg, yo) =
(0.17 /ka, 0.2z /ka). Note that the offset gives a shifting
distance (relative to the sphere radius) of the beam axis with
respect to the center of the sphere. The half-cone angles are
given on the top of each column. It could be found for the
plane wave illumination [Fig. 3(a), (d), and (g)], the 3-D
scattering patterns are the same since there is no difference of
the incident waves between on-axis and off-axis incidences.
However, the 3-D patterns for the on-axis incidence are
different from those for off-axis incidence in the OBB, namely,
the 3-D patterns are not axisymmetric for the off-axis of the
OBB [Fig. 3(e), (f), (h), and (i)], while are still axisymmetric
for the on-axis cases [Fig. 3(b) and (c)]. The offset affects
the scattering patterns as shown in the second and third rows,
which in fact will change the beam shape coefficients in (4).
It should be noted that the scattering of the background and
total field is not axisymmetric under the off-axis illumination
of the OBB. Furthermore, as depicted in Fig. 3(b), the form
function modulus of the R, resonance scattering at ka = 7.06
from the OBB with a half-cone angle > = 54.7346° (such that
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P>(cos fr) = 0) is reduced significantly for the on-axis case at
the frequency of Ry, which is due to the resonance suppression
of the corresponding order. However, the suppression seems
to be not obvious for off-axis incidence at ka = 7.06 with
p> = 54.7346° [Fig. 3(e) and (h)]. The second Rayleigh
resonance should have the quadrupole mode [24], which is
verified by Fig. 3(a) for the plane wave and Fig. 3(c) for
the OBB without resonance suppression. It is noticeable that
the 2-D polar patterns of the first five orders of Rayleigh
resonances of a WC sphere were given using the T-matrix
method [33], which further demonstrates the correctness of
the Rayleigh resonances and the effectiveness of the present
theoretical method.

V. SCATTERING FROM A SOLID SPHERE IN A
HELICOIDAL BESSEL BEAM

HBBs have the axial null of the amplitude and the spiral
phase dislocation, which is different from the OBB. The
incident wave is not axisymmetric because of the dependence
of the azimuthal angle. The form function of the first-order
HBB (FHBB) could be expressed as [5]

F(ka,cosf,cos B, ¢)

:—_ixi@n—i-l)(

ka n(n +1) 1)P (cos 9)P (cos p)e'?

(10)

where P! is the associated Legendre function of the indicated
argument. It could be observed from (10) that the scattering
form functions depend on the azimuthal angle ¢. The HBB
is not existent for the half-cone angle f = 0° since the term
Jy(ky,R") with M > 1 will vanish with k, = ksinf = 0.
It is different that the OBB (M = 0) with f = 0° gives the
ordinary plane waves. For the FHBB of the on-axis incidence,
the backscattering and forward scattering will vanish since
Pn1 (cos@) = 0 when the scattering angle § = 180° or § = 0°,
as observed in (10). Hence, the form function moduli of
the resonance scattering of the FHBB are calculated in the
direction of & = 149.444°. Different half-cone angles are
selected and the 2-D form function modulus curves versus ka
are given in Fig. 4(a) with the half-cone angles for roots of
Py (cos ) = 0 and in Fig. 4(b) with 8 for roots of P} (cos f) =
0. The resonance peaks occur at the same frequencies as
those of Fig. 2(c). There is no resonance suppression for the
selected half-cone angles in Fig. 4(a) since the scattering of
the FHBB depends on the term of P,} (cos ) = O instead
of P,(cosf) = 0 according to (10). This could be further
demonstrated by Fig. 4(b) since the canceled resonances
appear when S is selected for the root of the associated
Legendre function P! (cos #) = 0, which are listed in Table L.
The half-cone angles f = 63.4349°, 49.1066°, and 40.0881°
correspond to the roots of Pn1 (cosp) = 0 for n = 3, 4,
and 5, respectively. The resonance frequencies of the third
to fifth Rayleigh resonance are ka = 10.46, 13.38, and 16.10,
where the corresponding resonance suppression occurs with a
selected £ to make P,} (cos f) vanish. For the on-axis incidence
in the second-order HBB (SHBB), the selected half-cone
angles for the roots of Pnz(cos p) = 0 (see Table I) will
suppress the corresponding resonance, as shown in Fig. 5.
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Fig. 4. Resonance scattering of the FHBB at the scattering direction

0 = 149.444° versus ka with the half-cone angles f selected for roots of
(a) Py(cosf) =0 and (b) P)(cos f) = 0.

The fourth Rayleigh resonance (ka = 13.38) is suppressed
with f = 67.7923° for the root of P42 (cos ) = 0, and the fifth
Rayleigh resonance (ka = 16.10) is also suppressed with f =
54.7356° for the root of P52(cos f) = 0. The nth resonance
suppression will appear when the half-cone angle S is selected
to make the corresponding term of PnM (cos ) (rather than
P,f‘j’r y(cos B)) vanish. For the on-axis incidence based on
the plane-wave superposition method, the topological charge
M = m and the partial-wave series solution is independent of
the azimuthal factor.

The 3-D patterns of the rigid background, the total, and reso-
nance scattering for the FHBB at ka = 10.46 (the third-order
Rayleigh resonance) are shown in Fig. 6 with the first row
for the on-axis incidence and the second row for the off-axis
case (offset is the same as that in Section IV). The half-cone
angle is selected as f = 63.4349° such that P31 (cosp) = 0.
The corresponding resonance suppressions are expected for
both the on-axis and off-axis as shown in Fig. 6(e) and (f).
However, the resonance scattering of the off-axis incidence is
relatively stronger than that of the on-axis case. In addition,
the rotational symmetry of the 3-D scattering patterns breaks
since the incident Bessel beam is no longer axisymmetric
relative to the sphere, as shown in Fig. 6(b), (d), and (f). For
the off-axis incidence, the maximum form function modulus of
the total scattering seemed to be smaller than that of the rigid
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Fig. 6. 3-D resonance scattering patterns of an FHBB for a WC sphere in
the far-field with f = 63.4349° such that P31 (cos f) = 0 at the frequency
of the third-order Rayleigh resonance ka = 10.46. (a) Incident direction is
along the positive z-axis. The first row (panels a, ¢ and e) is for the on-axis
incidence, while the second (panels b, d and f) for the off-axis with offset
(x0, yo) = (z /ka, 27 /ka). The left, middle, and right columns correspond to
the rigid, total, and resonance scattering, respectively.

background. This may be due to the destructive interference
between the elastic waves and the impenetrable wave outside
under this circumstance. Fig. 7 shows the 3-D scattering
patterns with the same parameters as in Fig. 6, except that
£ = 49.1066°, which will not bring resonance suppression
at ka = 10.46. The first row specifies the on-axis incidence,
whereas the second is for the off-axis. An octupole mode of
the resonance scattering could be observed in Fig. 7(e) for
the on-axis incidence, with dips in the forward and backward
directions (¢ = 0° and & = 180°). Note that for the
on-axis incidence by an OBB at ka = 10.46, the octupole
mode has the peaks in the forward and backward directions
(see [33, Fig. 7]). This may be due to the axial peak of the
beam intensity for the OBB and the axial null for the HBBs
in the propagation directions. Different from the case with
S = 63.4349° (where resonance suppression appears), the res-
onance scattering of the off-axis incidence is weaker than that
of the on-axis incidence, as compared Fig. 7(e) with (f). The
rotational symmetry vanishes under the off-axis illumination,
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The frequency of the third-order Rayleigh resonance is selected as ka = 10.46.

as shown in the second row in Fig. 7, which is due to the
fact that the acoustic field is no longer symmetry with respect
to the sphere although the beam itself and the sphere are
axisymmetric with their own centers.

VI. SCATTERING FROM A SPHERICAL SHELL
IN A HELICOIDAL BESSEL BEAM

After the discussion of acoustic scattering from a solid
sphere in both the OBB and HBB, the spherical shell will
be briefly studied under the illumination of an HBB in this
section. According to the RST, a rigid background should be
subtracted from the total scattering to approximately extract
out the pure resonance scattering contribution for a solid
sphere. However, the rigid background is not always applicable
to the shell case. In general, the soft background should be
applied for a thin shell, while the rigid background should
be used for a thick shell [15], [16], [24]-[26]. Under certain
circumstances for the same object, the soft background is suit-
able at the lower frequency limit, while the rigid background
is suitable at the higher frequency limit [28]. The aspect ratio
of the inner radius to the outer radius from the transition of
the thin to the thick shell is approximately b/a = 0.975 [15].
For a spherical shell with the immediate thickness, the hybrid
model background [27], [28] may be used to isolate a more
exact resonance contribution form the total scattering. In the
present work, only the lower frequency limit is considered for
the theoretical results so that the soft and rigid backgrounds
could be applied for the thin and thick shells, respectively.

The considered shells are made of steel material with the
density 7.84 g/cm?>. The transverse and longitudinal velocities
in the steel are 3150 m/s and 5854 m/s, respectively. The
ambient medium is water and the inner part of the spherical
shell is empty. The total scattering of an empty thick shell from
ordinary [4] and helicoidal [5] Bessel beams with the on-axis
incidence were studied by Marston using the plane-wave
superposition method based on the partial-wave series solu-
tion. By using another theoretical approach presented in the
previous section, the resonance scattering of the spherical
shell is isolated from the total field based on the RST. The
present method could provide an analytical solution of the
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Fig. 8. Resonance scattering of the FHBB from a (a) thin and (b) thick
empty steel shell at the scattering direction 6 = 149.444° versus ka with the
half-cone angles S selected for roots of Pnl (cos f) = 0.

off-axis incidence in the Bessel beam, as discussed for the
sphere case above. A thin shell with the ratio of the inner-
to-outer radii b/a = 0.999(thickness 0.1%) and thick shell
with b/a = 0.95 (thickness 5%) are considered in the context
of the FHBB with the on-axis incidence. Only the form
function moduli versus dimensionless frequency of the pure
resonance scattering are presented. The scattering angle 6
is fixed at 149.444°. By subtracting a soft background for
the thin shell and a rigid background for the thick shell,
the form function moduli of pure resonance scattering are
obtained as shown in Fig. 8(a) and (b). Like the results of
a solid sphere, the explicit peaks corresponding to different
resonant frequencies of certain order exhibit the suppression.
For the thin shell in Fig. 8(a), the third to fifth resonances
are at the dimensionless frequencies ka = 12.04, 15.75, and
19.44, respectively (n = 3,4, and 5). The corresponding
half-cone angles for the roots of Pn1 (cosp) = 0 are f =
63.4349°, 49.4349°, and 40.0881° from n = 3 to 5 as
listed in Table I. The resonance suppression appears at a
certain order when f# is selected to make P!(cos /) vanish.
Taking f = 49.1066° such that P41 (cos f) = 0, the fourth
resonance at ka = 15.75 is greatly suppressed (the blue
dashed line). In addition, the resonance form function modulus
almost vanishes in the scattering direction (0 = 149.444°) at
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ka = 19.13. For the thick shell in Fig. 8(b), the third to fifth
resonances occur at ka = 2.256, 2.618, and 2.952. Similarly,
the resonance suppressions are observed when f is selected as
the corresponding root of P} (cos ) = 0. The 3-D scattering
patterns of the form function depict the similar phenomena
for the on- and off-axis incidences as those of the solid
sphere in Section V, which are not given here for simplicity.
In addition, the 2-D pure resonance patterns of a thick shell
were computed using the T-matrix in the zeroth-order OBB,
which presented the suppression effects in the Bessel beam
and gave the corresponding physical mechanism [33].

As observed in Fig. 8 for the thin and thick shells, the
resonance peaks are relatively sharp and sparse for the thin
shell compared with those of the thick shell. As explained
in [34] for the plane wave case, for a thin shell, only the
zeroth-order symmetric and antisymmetric Lamb modes dom-
inate, whereas for the thick shell other modes play an active
role including the external Franz waves, the waves scattered
from the inner surface of the shell, and other types of Lamb
waves. Note that the zeroth-order Lamb waves in the thin
shell could propagate almost without dispersion. These could
also apply for the Bessel beam illumination and explain the
relatively simple structure of the resonance form function of
a thin shell. The resonance peaks of the thin shell are almost
equally spaced as shown in Fig. 8(a).

VII. DISCUSSION AND CONCLUSION

The present exact solution of acoustic scattering from a
spherical shape of the Bessel beam based on the multipole
expansion method [8], [13] gives a uniform and closed-form
expression, which can be used for the OBBs and HBBs with
the object located on or off the axis. This analytical method is
a supplement to another theoretical method based on the plane
wave superposition [3]-[5]. Meanwhile, the present work
eliminates the singularity stemming from the term of 1/ j, (kb)
in the beam-shape coefficients using the spherical harmonics
transform, which both improves the accuracy and saves the
computational cost. By using RST, the pure resonance scat-
tering contribution is isolated from the total scattering for the
solid sphere, the thin and thick shells, with the on-axis and
off-axis incidences. Different from the ordinary plane waves,
the Bessel beam may fail to induce the resonance of certain
order with a special half-cone angle, which is explained with
the physical mechanisms [4], [5] that the corresponding partial
wave vanishes when the associated Legendre function is null
in the series. The present results using the multipole expan-
sion verified the resonance suppression for the on-axis case.
In addition, consider an on-axis incident Bessel beam without
resonance suppression, the resonance scattering patterns of the
same object at the same frequency in an OBB [33, Fig. 7] are
different from those of an HBB [Fig. 7(e)] since peaks occur
in the forward and backward directions for OBB, while valleys
come out for the HBB. This is due to the different intensity
distributions of the OBBs and HBBs. However, the resonance
modes are the same for both the OBB and HBB as the octupole
mode at the third-order resonance, which is the intrinsic
property of the elastic object and free of the incidence sources.

1371

Novel properties are found for resonance scattering under the
off-axis incidence with the selected half-cone angle for roots
of P(cosf) = 0 at a corresponding resonance frequency.
Under the same condition, except for an off-axis incidence,
the resonance scattering seems to be relatively stronger than
that of the on-axis incidence, as depicted in Figs. 3 and 6.

The present work provides another theoretical way to deal
with the Bessel beam scattering with arbitrary topological
charge and location for the spherical shapes as long as
the scattering coefficients s, are available, which provides a
closed-form expression for both objects located at an arbitrary
location to the beam center. The general expression of the
beam shape coefficients of Bessel beams has been given in
an integrated form before [11], [12], [35], which may still
need further numerical computation. The incident beam-shape
coefficient in (4) may be extended for a nonspherical object
with the implementation of the T-matrix method [8], [22]-[24]
and other numerical methods. There may be a transfer of
the linear or angular momenta during the interaction of the
acoustic fields of Bessel beams and targets. Based on the
radiation stress tensor approach [36], the acoustic radiation
force from a spherical shape centered on the axis [37]-[39]
or at arbitrary location [40]-[42] of Bessel beams could be
calculated in terms of real and imaginary parts of the scat-
tering coefficients, where negative radiation forces are found
under certain circumstances. In addition, a radiation force
expression based on the radiation stress tensor approach was
derived based on the far-field approximation of the spherical
Bessel/Hankel functions and the related recursion in terms of
the incident and scattered beam-shape functions [42], [43],
which could be solved for Bessel beams of arbitrary order and
location using the partial-wave series solution and the T-matrix
method. Note that the main focus for acoustic manipulation
lies on the small particles recently which will use the Gor’kov
potential for simplicity and efficiency. However, the larger
particle is still challenging in the acoustofluidics in the aspect
of experiments or applications, so it is promising to apply the
resonance effect for controlling large particles with the size
comparable to the wavelength. The resonance effect related to
the acoustic radiation force has been studied recently for the
spherical [44] and cylindrical shapes [45], [46]. Furthermore,
the present work could be further extended for the study of
acoustic radiation torque in Bessel beams [43], [47].
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